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Abstract 
Tabata, M. and S. Fujima, Finite-element analysis of high Reynolds number flows past a circular cylinder, 
Journal of Computational and Applied Mathematics 38 (1991) 411-424. 
Recently we developed a new upwind finite-element scheme for the incompressible Navier-Stokes equations. In 
this paper we apply the scheme to a problem of high Reynolds number flows past a circular cylinder and discuss 
the effect of the subdivision of the boundary layer upon flow patterns and drag coefficients. 
Keywords: Upwind finite-element method, Navier-Stokes equations, high Reynolds number, boundary layer, 
drag coefficient. 
1. Introduction 
In [12,13] we have developed an upwind finite-element scheme for the incompressible 
Navier-Stokes equations at high Reynolds numbers. The idea of the upwind technique is based 
on the choice of upwind and downwind points. This scheme has the following advantages. (i) It 
is a kind of finite-element scheme and no curvilinear coordinate systems [15] are used. Therefore 
we can subdivide any part of the domain, of course including boundary layers, freely as we like 
by virtue of the geometrical flexibility of the finite-element method. (ii) It has the potential to 
approximate the convection term in third-order accuracy. Under a suitable subdivision of 
boundary layers the convection term can be approximated in third-order accuracy essentially. 
Therefore the behavior of high Reynolds number flows in the boundary layers can be captured 
well. (iii) The derivation of the scheme is natural from the mathematical point of view and no 
artificial boundary conditions such as the Neumann condition in the pressure Poisson equation 
are required. Therefore it is applicable to any flow problems, inner flows or outer flows. (iv) A 
pair of finite elements satisfying the inf-sup condition [4] is used. Therefore no spurious pressure 
modes appear in solving the consistent discretized pressure Poisson equation [5]. 
In this paper we apply the scheme mentioned above to a problem of high Reynolds number 
flows past a circular cylinder. Two types of subdivisions of the domain are prepared, the one has 
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less nodal points near the cylinder, where the boundary layer appears, than the other. At 
Reynolds number Re = lo3 both results in two subdivisions are almost the same, but at much 
higher Reynolds numbers they are different. We analyse the effect of the subdivision of the 
boundary layer and investigate the behavior of high Reynolds number flows past a circular 
cylinder. At high Reynolds numbers three-dimensional movements appear and it is reported in 
[14] that the drag coefficients Co obtained by two-dimensional analysis are greater than those by 
three-dimensional analysis at such high Reynolds numbers. Our analysis is two-dimensional. The 
obtained values of Co are greater than experimental results but our numerical results show the 
decrease and the recovery of Co at high Reynolds numbers. 
We refer to [2,5,7-lo] for the computation by other finite-element or -difference schemes and 
to [6] for the computation of compressible flows in a supercritical region. 
2. Finite-element scheme for high Reynolds number flows 
Here we review briefly the upwind finite-element scheme presented in [12,13]. 
Let D be a bounded domain in lR*. Consider the nondimensionalized incompressible Navier- 
Stokes equations in 1(2 X (0, + co), 
au 
z+(u.grad)u+gradp=& Au, 
div u=O, (Lb) 
where u = (ur, u2) is the velocity, p is the pressure, Re is the Reynolds number. Equations (1) 
are discretized in time as follows: 
U 
n+l 
- un 1 
7 
+ (u”. grad) un + grad p” = me Au”, 
n+1_ div u -0, (2b) 
where r is a time increment and u”, for example, denotes the value of u at time nr. For the 
space discretization we employ the standard mixed finite-element formulation [4], except for the 
time difference term and the convection term. For the former we use the lumping technique. For 
the latter we adopt an upwind approximation explained later. We note that the following bilinear 
form is employed for the viscosity term: 
ll,(Zd, U) = $/, $lDij(u)Dij(o) dx9 
‘,J 
where 
We use the iso-P2 Pl/Pl element (see [l]). That is, we divide the domain into a union of 
triangles and further divide each triangle into four congruent triangles. Pressure p is approxi- 
mated by the Pl-element on the large triangles and velocity u is approximated by the Pl-element 
on the small triangles. 
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Fig. 1. Velocity b(0) and points W, U, 0, D and B. 
Equations (2) are solved using the consistent discretized pressure Poisson equation [5]. That is, 
given un, we solve p” separately from un+r by these equations and afterward we find u”+’ from 
(2a). 
Now we explain the upwind approximation to the convection term. Let b : f2 -+ R’ 2 be a given 
velocity and v : A2 + R be a scalar function. We derive the approximation (b . grad v)~ to 
be grad v. Let 0 be a nodal point. When b( 0) = 0, we set (b . grad v)~( 0) = 0. When b( 0) # 0, 
we introduce an orthogonal local coordinate system (5, 7) with origin 0 and unit &vector 
b( 0)/l b( 0) I. Then the convection term is written as 
3V 
(b-grad u)(O) = lb(O) I~(@. 
We choose four points U, IV, D and B on the &axis such that U is an upwind point of 0 with 
respect to the flow b, W is a further upwind point, D is a downwind point and B is a further 
downwind point (see Fig. 1). For the method of practical choice of these points we refer to [13]. 
Setting 
h = length OU, 
we denote the &coordinate of P E { W, U, 0, D, B} by tp = ,$‘ih (6; = 0, & = - 1). We ap- 
proximate av/Cl[(O) by the values v at the five points W, U, 0, D and B as follows: 
(brad h(O) = lb(O) I c VP@> 
p= { W,(I,O,D,B) 
h ’ 
where 
(3) 
~Q+P,oG-~b) +a 
YP = 
nQ+P(t;-&) ’ 
and (Y is a nonnegative parameter. In 
transformed to a,( u, u, v), where v is 
PZ 0, YO’ - c -fQ, 
Q+O 
the weak formulation the convection term (U . grad)u is 
a test function and a, is a trilinear form defined by 
a,(~, u, u) =/, 
I 
gt(w.grad ui)ui dx. 
Our upwind approximation to a, is defined by 
_ 
u:(Whr uh, vh) = c c ( wh’grad Uhj)h(P)Uhi(P) meaS Dp, 
P i=l 
414 M. Tabata, S. Fujima / Upwind finite-element method 
Fig. 2. Statement of problem (u = 0 on the cylinder) and division of the domain. 
where P runs over all nodal points and meas DP is the measure of the barycentric domain DP 
around P (see [ll]). The following properties of a: are shown in [13]. 
Remark 1. (i) If there exist positive constants ci and c2 independent of h such that 
c,h G 58 - L, to -&,, Wtv, 5u-&v~& 
then we have for every sufficiently smooth function u, 
(b-grad u)~(O) = (b-grad u)(O) +cr]b(O) ]$(O)g + 0(h4). 
(ii) When IV, U, 0, D and B are located at an equidistance, (3) reduces to the third-order 
Kawamura et al.-type approximation [8] by taking (Y = 6. Thus we choose (Y between 0 and 6. 
The parameter (Y stabilizes the scheme. 
3. Numerical results of flows past a circular cylinder 
We solve a problem of high Reynolds number flows past a circular cylinder. The problem is 
explained in Fig. 2, where 
i= 1,2, (5) 
and n = (n,, n2) is the unit outward normal to the boundary. At the origin there exists a circular 
cylinder with unit diameter. The computational domain is [ - 7.5, 22.51 X [ - 7.5, 7.51. The divi- 
sion of the domain is shown in Fig. 2. We call it Subdivision 1. The total number of elements (of 
p) is 4320. The nodal point number (of p) on the cylinder is 64, that is, the circle is 
approximated by a 64-side polygon. The minimum element size of velocity is h, E 0.011 and it is 
attained as the length in the radial direction of the elements adjacent to the cylinder. For the 
computation at higher Reynolds numbers we use Subdivision 2, where much more nodal points 
are concentrated in the boundary layer. The topology and the total number of elements of 
Subdivision 2 are the same as those of Subdivision 1, but the boundary layer is subdivided more 
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Fig. 3. Subdivision 1 (upper), Subdivision 2 (middle) 
and Subdivision 3 (lower) near the cylinder. 
Fig. 4. The Reynolds number dependence of the drag 
coefficient; A: Subdivision 1, 0: Subdivision 2, 0: Sub- 
division 3, 0, X: 2D, 3D calculations by Tamura- 
Kuwahara [14], v: Kondo et al. [9], -: Cantwell- 
Coles [3]. 
finely by moving nodal points toward the surface of the cylinder and h, E 0.003. Subdivisions 1 
and 2 near the cylinder are shown in Fig. 3. We choose time steps r and parameters QI. The 
typical values are r = 0.008 and cr = 3 at Re = lo4 in Subdivision 2. We solve (1) evolutionary in 
the range of lo3 G Re G 106. The Karman vortex shedding appears and the drag coefficient C, 
and the lift coefficient C, oscillate, where 
c,= -2 
J 71 ds, 
c,= -2 
J 
r2 ds. 
/x/=1/2 1x1 =I/2 
Figure 4 shows the Reynolds number dependence of the mean drag coefficient. The solid line 
depicts the experimental result [3]. The symbol x shows results of a three-dimensional numerical 
analysis obtained in [14]. All the other results are based on two-dimensional numerical analysis. 
At Re = lo3 all numerical results agree well but the value is different from the experimental 
result. The difference is considered to’be caused by three-dimensional movements at the high 
Reynolds number. 
At first we observe the results in Subdivision 2. In Figs. 5-8 we show the streamlines and the 
stress vectors on the cylinder at Re = 103, 104, lo5 and 106, respectively, in Subdivision 2 at 
specific times, when local maximums of Co are attained and the signs of C, are negative. The 
resultant force acting on the cylinder is depicted in the center of the circle. The horizontal 
component is C, and the vertical component is C,. These values as well as the contributions 
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P 
tota;l 
CD CL 
I. 3434 -1.0053 
0. I152 -0.0507 
I. 4586 -1.0560 
Fig. 5. Streamlines and stress vectors on the cylinder (Re = 103, Subdivision 2, A+ = 0.02, I+ 1 < 0.5). 
CD 1.5061 -yL1948 
0.0417 -0: 0163 
1.5478 -1.2112 
Fig. 6. Streamlines and stress vectors on the cylinder (Re = 104, Subdivision 2, A+ = 0.02, 19 1 d 0.5). 
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p r9990 -z-8983 
” 0.0074 -0.0017 
total I. 0063 -0.9OGU 
Fig. 7. Streamlines and stress vectors on the cylinder (Re = 105, Subdivision 2, A$ = 0.02, 1 $J 1 G 0.5). 
P 
tats: 
CD CL 
1.3656 -0.6293 
0.0007 -0.0004 
1.3664 -0.6297 
Fig. 8. Streamlmes and stress vectors on the cylinder (Re = lo”, Subdivision 2, A+ = 0.02, 1 CJJ 1 Q 0.5). 
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Fig. 9. Detailed streamlines of Fig. 6 (A+ = 0.001, I+ 1 Q 0.002; A+ = 0.002, 0.002 Q 1 Q, 1 < 0.02; A+ = 0.01, 0.02 Q 1 C#I 1 
< 0.1). 
Fig. 10. Detailed streamlines of Fig. 7 (A+ = 0.001, I$ I < 0.002; Acp = 0.002, 0.002 Q I $I I < 0.02; A$ = 0.01, 0.02 < 
191 60.1). 
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Fig. 11. Detailed streamlines of Fig. 8 (A@ = 0.001, 1 q5 1 < 0.002; A+ = 0.002, 0.002 < I$/ Q 0.02; A+ = 0.01, 0.02 < 
191 60.1). 
Fig. 12. Streamlines and stress vectors on the cylinder (Re = 103, Subdivision 1, A+ = 0.02, I@ I < 0.5). 
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p ;:6346 t5697 
0.0301 -0.0038 
total; 0.6647 -0.5735 
Fig. 13. Streamlines and stress vectors on the cylinder (Re = 104, Subdivision 1, AC#J = 0.02, ) I$ ) < 0.5). 
L 
- \ - I 
p ;!19,3 -22228 
total; 0.0040  1953 -0.2228 0.0000 
Fig. 14. Streamlines and stress vectors on the cylinder (Re = 105, Subdivision 1, A+ = 0.02, I+ ( 6 0.5). 
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from the pressure p and the velocity u (viscosity effect) are also denoted. (Their contributions 
are depicted on the cylinder in Figs. 5-8, but except Fig. 5 it is not easy to distinguish them from 
the stress vector.) Figures 9-11 depict the detailed streamlines of Figs. 6-8. From the results in 
Subdivision 2 of Fig. 4 we can see the decrease of the drag coefficient and its recovery. At 
Re = lo3 (Fig. 5) the contribution from the viscosity is pretty large (about 7.9% of the total Co). 
At Re = lo4 (Figs. 6 and 9) the contribution from the viscosity decreases (about 2.7%) but the 
decrease of the pressure at the rear causes the increase of the total drag coefficient (compare with 
Fig. 5). At Re = lo5 (Figs. 7 and 10) small eddies appear, the separation point moves backward 
and the wake becomes small, which cause much decrease of Co. At Re = lo6 (Figs. 8 and 11) the 
flow pattern becomes more irregular and the wake becomes large again, which cause the recovery 
of Co. These behaviors of flow patterns agree well with the experimental results qualitatively. 
The ratio of the minimum mesh size h, of Subdivision 2 to that of Subdivision 1 is a little less 
than l/m. Since the theoretical thickness of the boundary layer is proportional to l/&e, 
Subdivision 2 will be sufficiently fine for the computation at Re = lo4 if Subdivision 1 is so at 
Re = 103. At Re = lo3 both the results of Subdivisions 1 and 2 are almost the same. Therefore, 
the result at Re = lo4 in Subdivision 2 is considered to be pretty reliable. The difference with the 
Fig. 15. Velocity vectors near the cylinder in Subdivision 1; Re = lo3 (upper) and lo4 (lower) corresponding to Figs. 
12 and 13. 
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Fig. 16. Velocity vectors near the cylinder in Subdivision 2; Re = lo3 (upper) and lo4 (lower) corresponding to Figs. 5 
and 6. 
result [14], however, may suggest that a finer subdivision is recommended. (The two-dimensional 
analysis of [14], where the finite-difference method is used, corresponds to the computation using 
40,000 elements.) For higher Reynolds numbers than Re = lo4 finer subdivisions than Subdivi- 
sion 2 will be required for the quantitative analysis. 
Next we observe the results in Subdivision 1. Figures 12-14 show the streamlines and the 
stress vectors on the cylinder at Re = 103, lo4 and 105, respectively, in Subdivision 1. They 
correspond to Figs. 5-7 in Subdivision 2. At Re = lo3 the results in Subdivision 1 (Fig. 12) and 
Subdivision 2 (Fig. 5) resemble each other, but at Re = lo4 and lo5 the corresponding results do 
not resemble. In Figs. 15 and 16 we show velocity vectors near the cylinder in Subdivisions 1 and 
2, respectively. At Re = lo3 the boundary layers are captured in both figures. At Re = lo4 the 
boundary layer is captured in Subdivision 2 but not in Subdivision 1. Subdivision 1 is too coarse 
to capture the boundary layer at Re = 104. The velocity u at Re = lo4 in Fig. 15 (lower part) 
looks as if it satisfied the slip boundary condition. At Re = lo4 and lo5 (Figs. 13 and 14) the 
wakes become small, and the pressures at the rear increase, which lead to small drag coefficients. 
But there appear no small eddies and the distribution of stress vectors on the cylinder becomes 
nearly symmetric. Thus the behavior of flow patterns in Subdivision 1 is qualitatively different 
from that in Subdivision 2, whose cause is the coarseness of the subdivision. 
M. Tabata, S. Fujima / Upwind finite-element method 423 
Remark 2. In a neighborhood of the cylinder Subdivision 2 is finer than Subdivision 1, but the 
total numbers of elements are the same. Therefore Subdivision 2 cannot be finer than Subdivi- 
sion 1 in the whole domain. We introduce Subdivision 3 which is finer than both Subdivisions 1 
and 2 in the whole domain and see any distinct effect appears in the computation of C,. 
Subdivision 3 is depicted in Fig. 3, which is equal to Subdivision 2 in a neighborhood of the 
cylinder and is equal to Subdivision 1 outside the neighborhood. The total number of elements is 
4832. The obtained results at Re = 103, 104, lo5 and lo6 are plotted in Fig. 4. We can see they 
are almost equal to those in Subdivision 2. 
4. Concluding remarks 
We have applied an upwind finite-element scheme to a problem of flow past a circular 
cylinder at high Reynolds numbers. We have investigated the effect of the subdivision of the 
boundary layer and showed that a fine subdivision of the boundary layer was required in order 
to capture the behavior of the flow at a high Reynolds number. Using a fine subdivision of the 
boundary layer, we have obtained numerical results showing the decrease and the recovery of the 
drag coefficient at high Reynolds numbers. These behaviors have agreed well with experimental 
results qualitatively. We have tried a quantitative analysis using two subdivisions at Re = lo3 
and 104. For higher Reynolds numbers than Re = lo4 finer subdivisions will be needed for the 
quantitative analysis. 
The computations in this paper were carried out on the HITAC S-820/80 at the Computer 
Centre of the University of Tokyo. 
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